Non-equilibrium multi-wavelength operation of vertical external-cavity surface-emitting lasers (VECSELs) is investigated numerically using a coupled system of Maxwell semiconductor Bloch equations. The propagation of the electromagnetic field is modeled using Maxwell's equations, and the semiconductor Bloch equations simulate the optically active quantum wells. Microscopic many-body carrier-carrier and carrier-phonon scattering are treated at the level of second Born-Markov approximation, polarization dephasing with a characteristic rate, and carrier screening with the static Lindhard formula. At first, an initialization scheme is constructed to study multi-wavelength operation in a time-resolved VECSEL. Intracavity dual-wavelength THz stabilization is examined using longitudinal modes and an intracavity etalon. In the latter, anti-correlated noise is observed for THz generation and investigated.
INTRODUCTION
Vertical external-cavity surface-emitting lasers (VECSELs) are low-cost, versatile lasers that have been used in a wide range of applications from ultrashort mode-locked pulses to high-intensity single-and multi-wavelength output.
1-9
To date, the highest peak power for continuous wave (CW) operation is 23 W, 7 while for multiwavelength lasing the peak power has reached 106 W.
5, 6
The VECSEL has achieved around 100 fs intracavity temporal duration when configured to produce passively mode-locked pulses, [8] [9] [10] with the shortest intracavity pulse duration at 95 fs.
10
In surface-emitting lasers, the field is not propagating parallel with the quantum well (QW) planes, which implies that a high carrier density is required in the inverted QWs to obtain spectral amplification of the intracavity field. High mirror reflectivity will, in turn, result in the buildup of strong intracavity fields that significantly distort the QW carriers. These conditions enable the VECSEL to be an ideal place to study non-equilibrium many-body dynamics where QW carriers are driven far from quasi-equilibrium Fermi distributions.
In VECSELs, a dual-wavelength output with THz spacing has been generated using both: two mode-locked pulses centered with THz-spacing and with intracavity difference frequency generation (DFG).
11, 12
Stable dualwavelength operation of VECSELs has many applications ranging from spectroscopy, 13, 14 geological and atmospheric measurements using LIDAR, 15, 16 semiconductor laser parameter measurement, 17, 18 THz-imaging, [19] [20] [21] [22] and THz-signal generation.
23, 24
In general, stable dual-wavelength operation in semiconductor lasers has been a popular research topic both experimentally and theoretically. output.
29, 30
Theoretically, rate equations have been the primary tool for analysis of multi-mode operation. Moustafa Ahmed and Minoru Yamada coupled multi-mode rate equations to Langevin noise and characterized regimes of stability of continuous wave and multi-mode operation according to the injection current and linewidth enhancement factor. 33 Yacomotti et al. experimentally and theoretically observed strong anti-correlated mode dynamics, which maintained near constant total output intensity.
34
They conclude that the dominant cause of the phenomena was four-wave mixing of the intracavity field.
When utilizing rate equations, the microscopic polarization dynamics is adiabatically eliminated, and carrier densities directly model the influence of optically active QWs.
31-35
This approach assumes carriers are in quasiequilibrium Fermi distributions and is insensitive to details of ultrafast microscopic carrier dynamics present in VECSEL systems. Microscopic analysis of dual-wavelength operation in semiconductors examined a simple micro-resonator under dual-wavelength operation. 36 Bäumner et al. used the Maxwell semiconductor Bloch equations (MSBE) at the Hartree-Fock level with rate approximations for carrier scattering and found that an accurate model of multi-wavelength operation requires the inclusion of non-equilibrium carrier dynamics.
In this paper, we will examine dual-wavelength operation in VECSELs and numerically solve the MSBE with carrier scattering computed on the level of the second Born-Markov approximation.
37, 38
In past articles, we have used this model to systematically analyze the role of microscopic dynamics in the mode-locked operation of VECSELs.
39-42
In contrast to stable mode-locked pulse operation, a VECSEL configured for dual-wavelength output generates an intracavity field that continuously extracts carriers from the gain chip. Hot carriers are replenished in the QWs by an optical pump and scattered to lower energies by carrier-carrier and carrier-phonon scattering. In multi-mode operation, the QW carrier dynamics is also influenced by sum-and difference-frequency generation and does not reach a stable equilibrium. These influences necessitate that the high-dimensional carrier scattering integrals have to be solved at all times, which becomes a significant computational problem.
THEORETICAL BACKGROUND
A numerical model of a VECSEL consists of coupling Maxwell's equations, for the light field propagation, to the semiconductor Bloch equations that model the optically active QWs. In general for a realistic VECSEL design, these are coupled nonlinear integro differential equations with thousands of variables that are solved until an asymptotic solution is found. Thus before attempting a solution, we will simplify the model to focus on interesting microscopic aspects. In a VECSEL, the light field propagates close to perpendicular relative to the QW planes, and thus we simplify Maxwell's equations to only consider TE-polarized light, E(z, t), propagation along the z-axis according to,
where P (z, t) is the macroscopic polarization from the QWs, c 0 is the speed of light in vacuum, µ 0 is the vacuum permeability, and n(z) is the background refractive index. In this situation, we are modeling a linear laser cavity where the gain chip with inverted QWs is placed on the left, while a frequency independent output coupling mirror is placed on the right after an air gap. The gain chip is build up from a distributed Bragg reflector (DBR) with ten inverted QWs modeled by the SBE, a cap layer, and an anti-reflection coating. At each material layer interface, the propagating light field will experience transmission and reflection and an additional macroscopic polarization when interacting with QWs.
The VECSEL contains multiple inverted QWs that have independent microscopic dynamics simulated using the SBE.
37
For each QW, the dynamic variables are the electron (hole) occupation numbers, n e(h) λ(ν),k , and the microscopic polarizations, p λ,ν,k , discretized by the crystal momentum, k. For electrons (holes) in conduction (valence) bands λ (ν), the microscopic many-body dynamics is governed by,
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This couples to Eq. 1 through the macroscopic polarization that can be computed by summing over the microscopic polarizations,
k is the dipole matrix element. The coulomb renormalized single particle energies, e e λ,λ1,k and e h ν,ν1,k , and the effective Rabi frequency, Ω λ,ν,k , at the Hartree-Fock level are computed with the Coulomb potential, V λ,ν1,ν,λ1
and
Where,
is the Rabi frequency, and
e(h) λ(ν),k is the electron (hole) single particle energy. In Eq. 2, the optical barrier pumping, Γ e(h) λ(ν),scatt , the spontaneous emission with Λ n λ,ν,spont , the polarization dephasing, ∂ ∂t p λ,ν,k corr , the carrier-carrier and carrier-phonon scattering,
, and carrier screening are terms are discussed further below. In general, the polarization dephasing and carrier scattering are multi-dimensional integrals over the microscopic polarization and carrier occupation numbers.
38
The carrier scattering,
, at the level of second Born-Markov is given by the sum of carrier-carrier and carrier-phonon scattering. These terms and more details has been explored in detail by Hader et al., 38 and are listed here for reference. First, the carrier scattering integrals are expressed by,
is the screened Coulomb matrix element, and D(E) is an energy conserving delta function. In general, these expressions cannot be analytically evaluated and requires numerical quadratures. Secondly, the phonon scattering is defined by specifying the lattice parameters: the LO-phonon energy ( ω LO = 33.95 meV), lattice temperature (300 K), and the dielectric constants at high-( ∞ = 11.24) and low-( = 13.47) frequencies. These values are determined from interpolation of table values. 43 Now, we can express the carrier-phonon contribution as:
Here, g λλ1 q is the Fröhlich matrix element, 44, 45 s q is the phonon distribution, and ω q is the LO-phonon energy.
Optical pumping injects hot carriers at higher momentum values and the propagating electromagnetic field extracts carriers from the lower momentum states. During VECSEL operation, carrier scattering will cool down carrier energies by transporting the carriers to lower momentum states. In particular, carrier-phonon scattering will relax carriers towards the lattice temperature, where energy is primarily extracted around LO-phonon energy resonances. Simultaneously, carrier-carrier scattering will drive carriers towards quasi-Fermi distributions at the instantaneous energy and temperature.
A further simplification is to model two parabolic energy bands separated by a bandgap, E g . In this case the transition energy is given by,
, where m e(h) is the effective electron (hole) mass. Assuming a high QW carrier density, such as during VECSEL operation, we express the polarization dephasing as a characteristic timescale, ∂ ∂t p λ,ν,k corr = −τ deph p λ,ν,k , and the screening using the static Lindhard formula.
37
The
. The pumping term is given by, Γ e(h)
λ(ν),k )/τ scatt . The MSBE model is semiclassical, which means we will have to add spontaneous emission. In a VECSEl, spontaneous emission injects a small noise in the cavity, which can build up in a VECSEL to become a significant output signal. We will use the same model as Bäumner et 
We will consider a linear VECSEL cavity that consists of a gain chip, an air gap, and a frequency independent output coupling mirror. The gain chip is constructed with an AlGaAs DBR, ten inverted 8 nm wide InGaAs QWs situated in a single anti-node of the DBR stranding wave, a cap layer, and two AR coatings. The gain chip design was also used in 39, 40 to study mode-locked pulses, but pulsed considerations such as dispersion compensating coating are less critical when considering dual-wavelength output. The peak gain has been centered on the DBR stopband at 1030 nm.
RESULTS
Dual-wavelength operation of a VECSEL starts with spontaneous emission building up energy inside the laser cavity. The intracavity field will experience amplification from the gain chip and loss from the output coupling mirror during a round trip. After thousands of round trips, the intracavity field will become strong enough to distort the gain chip QW carriers away from equilibrium. Thus carriers are no longer in quasi-Fermi equilibrium distributions, which will correspondingly cause the gain chip amplification to become distorted. Next, a period of equilibration begins where the intracavity spectrum reshapes to seek a balance between round trip amplification and cavity loss. Finally, the stable states that the system can settle into are either a stable dual-wavelength operation with two spectral peaks of equal intensity, dual-wavelength output where the two spectral peaks have unequal intensity, or a single wavelength solution where one of the two wavelengths has become significantly suppressed.
A numerical solution of Eqs. (1)- (2) with carrier scattering from Eqs. (5)- (6) is computationally demanding because we are looking for asymptotic solutions. The VECSEL cavity contains ten independent QWs, where the SBE dynamics govern the carriers in each QW. For each QW, integration of the SBE require a sub-femtosecond resolution to resolve the microscopic dynamics, and carrier scattering integrals have to be evaluated at every timestep. Finally, the asymptotic stable state of the intracavity field is obtained after thousands of cavity round trips. To facilitate research on these equations, solvers take advantage of modern shared memory computers and a hybrid MPI-OpenMP scheme is used to evaluate the microscopic scattering integrals in parallel for all QWs. Simulations in this article are run on an SGI UV 2000 shared memory computer with almost 400 cores and 4 TB of memory. The computational problem is still significant and the estimated time to establish the stability of a dual-wavelength simulation is one or more days.
Estimation of non-equilibrium amplification
Stable dual-wavelength operation traditionally requires that the intracavity amplification is equal to the constant output coupling mirror loss. Thus, a natural start would be to attempt to parametrize the spectral amplification of the gain chip. However, the coupled Eqs. (1)- (2) are nonlinear and the parameter space involves hundreds of continuous and discrete variables such as QW density, cavity field spectral shape and intensity, number of (and placement) of gain chip QWs, the material composition of gain chip, etc. In general, the QW carriers will control the spectral amplification from the gain chip. During dual-wavelength lasing the intracavity field will extract low momentum carriers and the optical pump will inject higher momentum carriers. Simultaneously, carrier scattering will attempt to cool down the carriers by driving them towards quasi-Fermi distributions at the lattice temperature. These dynamic many-body effects will distort the spectral amplification of the gain chip over many thousands of round trips while stable dual-wavelength operation gradually is established.
A condition for stable dual-wavelength operation is that both wavelengths experience equal spectral amplification during a round trip of the laser. To examine this, we approximate the final intracavity field an ideal dual-wavelength signal with frequencies (ω a , ω b ) and amplitude, E in . The non-equilibrium amplification of the input signal during lasing conditions is estimated by injecting a dual-wavelength light field of the form, E(t) = E in (e −iωat + e −iω b t ), on the gain chip until the QW carrier densities stabilize. At this point, we can compute the amplification of each spectral peak by comparing the ideal input to the reflected signal from the gain chip. Here, we do not allow the reflected signal to feed back into the input signal.
The non-equilibrium amplification for any two frequencies (ω a , ω b ) can now be determined by scanning over multiple input field amplitudes, of the ideal signal, to determine which (if any) will result in both wavelengths having equal amplification. Fig. 1 shows an example of this scan. The spectral amplification at ω a (ω b ) is shown in blue (red) in Fig. 1a) . The amplification for both wavelengths has a clear intersection near the intensity 2.5 MW/cm 2 . As a result, for these two wavelengths and the given field intensity, the gain chip will amplify both wavelengths by 0.69 %. In Fig. 1b ) a sample output spectra (blue) produced with the above method is compared to the ideal input spectra (red). The spectra are computed after the gain chip QW carriers have stabilized and it is clear that, beyond the amplification of two dominant modes, the output spectra contains multiple low amplitude peaks that are generated by nonlinear wave mixing in the gain chip QWs. The asymptotic information about the non-equilibrium amplification obtained with the above method can now be used to initialize the dual-wavelength VECSEL close to the final state. Following the above method, an initial ideal input field with frequencies (ω a , ω b ) and amplitude, E in , is used to drive the QW carriers close to the desired non-equilibrium state where both frequencies experience equal spectral amplification. Filling up the external air cavity in the process. At this point, we start the self-consistent solution by adding an output coupling mirror with an appropriate loss that balances the amplification from the gain chip. The VECSEL intracavity field is now allowed to evolve from the ideal initial guess to a fully self-consistent solution. From Fig. 1b) , it is clear that the initial guess will be reshaped by the feedback and nonlinear influences such as four-wave mixing, phase changes between the two peaks, spectral broadening, etc. Thus a period of equilibration from the initial guess to the final dual-wavelength state is expected.
Self-consistent simulations
In the following examples, we will utilize the previously described method to generate an initial guess of the final non-equilibrium dual-wavelength solution where both frequencies ideally experience equal amplification. To control the output field spectra, one usually has to add additional intracavity filtering. One possibility is to use the longitudinal cavity modes to dictate the output spectrum. Two wavelengths with terahertz separation can be selected by using a very short external air cavity, which will result in cavity lengths around tens of micrometer. A second method involves inserting a glass etalon (refractive index 1.5) into a long (about 3.2 mm) external air cavity. The longer external cavity results in a denser set of longitudinal cavity modes and the etalon will help to resonantly amplify or dampen modes.
Longitudinal modes
To use the previously described initialization method we first find the intracavity field intensity that results in equal dual-wavelength amplification of both spectral peaks. The scan indicates that for energies (ω a , ω b ) = (1.161 eV, 1.246 eV) we get that a peak intensity 0.5749 MW/cm 2 produces equal amplification for both spectral peaks. A short external cavity allows only a few longitudinal modes inside the gain region and specific modes can be selected using the length of the external cavity. Fig. 2 summarizes a stable dual-wavelength simulation that results in a frequency separation of 20 THz filtered with a very short external cavity of length 3.6 µm. The output spectra (blue), in Fig. 2a) , contains two narrow spectral peaks nearly centered at the predicted cold cavity modes (red vertical bars). A snapshot of each QWs inversion during stable operation is shown in Fig. 2b ). The intracavity field is extracting carriers from the low momentum region, but note that there are also multiple distortions near and beyond k = 5. These distortions correspond to LO-phonon resonances from the carrier-phonon scattering from Eq. (6). In general, the degree of carrier distortion increases with higher instantaneous carrier temperature. In Fig. 2c ), the intensity of each spectral peak is monitored over time, and we observe that there is a short stabilization period before the intensities of both frequencies become stationary. This equilibration period is also clear from the total intensity shown in Fig. 2d ). The initialization worked as intended for this example, and the data indicates that the desired dual-wavelength output was obtained.
Intracavity etalon
Inserting a glass etalon into the external air cavity gives a VECSEL setup that resembles experimental designs that result in dual-wavelength operation. The etalon will create an additional subcavity with a length that can be fine-tuned to amplify selected modes resonantly. However, the etalon only offers a coarse frequency selection, and the additional subcavity will inevitably lead to new field dynamics that can destabilize the intracavity field. As an example, we insert a 48.2 µm glass (n = 1.5) etalon into the center of a 3.3 mm external air cavity. Figure 3 : A simulation where an intracavity etalon is centered in a 3.3 mm external air gap. a) The final output spectra from this simulation with an energy axis relative to peak gain. b) The evolution of the peak intracavity intensity. c) The peak spectral intensity near ω a and ω b relative to the maximal intensity at the end of the simulation. d) The integrated spectral intensity in a ±4 meV range around ω a and ω b relative to the maximal intensity at the end of the simulation. Fig. 3a) contains the final output spectra with spectral peaks around ω a = 1.180 eV and ω b = 1.188 eV. The resulting spectrum contains families of modes distributed with about 2 THz spacing. However, it is clear that this is far from the ideal initial guess used during the initialization. A lot of transient dynamics is observed in the peak intensity, shown in Fig. 3b) . Indeed, the output spectra never stabilizes during this simulation because of ongoing competition between different spectral peaks. The maximal spectral peak intensity in the two dominant mode families around ω a = 1.180 eV and ω b = 1.188 eV are shown in Fig. 3c ). These spectral peaks have a slow dynamics with occasional changes in derivative, but the individual dominant modes do not appear to be strongly anti-correlated. To analyze this, we will integrate the spectral intensity over each of the two dominant mode families. Fig. 3d ) shows that the integrated spectral peak intensities for each mode family are strongly anti-correlated. This anti-correlated intensity noise is also observed in experimental setups.
28, 30
The complex mode dynamics in this example is a result of inserting the etalon into the external air cavity, which introduces subcavities in the VECSEL. The delayed feedback caused by the partial reflections from the propagating intracavity field will eventually feed back to the gain chip QWs. In general, delayed feedback of multimode operation has been known to produce complex dynamics ranging from chaotic, quasi-periodic, to stable operation in lasers. 46 
SUMMARY
Simulation of dual-wavelength operation in a VECSEL with carrier-carrier and carrier-phonon scattering on the level of second Born-Markov has found examples of stable and anti-correlated multimode dynamics. An initialization method was used to reduce the calculation time by starting the simulations close to the asymptotic solution. For a very short cavity the method produced excellent results with sufficiently good spectral filtering. During stable dual-wavelength operation of the VECSEL, the carriers are not in equilibrium Fermi distributions, but the occupation numbers are distorted by carrier-phonon scattering as well as the intracavity lasing field. Anti-correlated intensity noise is observed when including an intracavity etalon in a longer external cavity. In further studies, we will examine the stabilization and origin of the anti-correlated noise.
